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Abstract

Many machine learning algorithms, such as K-Nearest-Neighbor (KNN), heav-
ily rely on the distance metric for the input data patterns.[1] In this project, we
conducted our experiment using deep learning features of the AwA2 dataset. We
tried common distance metrics (including Chebyshev distance, Euclidean distance,
Manhattan distance and cosine distance) for KNN classfication. We also explored
the effect of preprocessing. Furthermore, we tried 9 distance learning metrics (in-
cluding LMNN[2], SDML[3], ITML[4], NCA[5], LFDA[6], LSML[7], MMC[8],
RCA[9], and MKLR[10]). All learned metrics outperformed KNN with Eculidean
distance, except for MMC. We also analyzed the behaviors and properties of
different distance learning algorithms in this report.

1 Introduction

Many machine learning algorithms, such as K-Nearest-Neighbor (KNN), heavily rely on the distance
metric for the input data patterns. K-Nearest-Neighbor (KNN) for classification is a type of instance-
based learning, or lazy learning algorithm via a voting process. The detailed description of KNN is
omitted here. This report mainly focuses on comparing the performance and behaviors of different
distance metrics and distance metric learning algorithms.

In this report, we evaluated simple distance metrics (including Chebyshev distance, Euclidean
distance, Manhattan distance and cosine distance) and 9 distance metric learning metrics (including
LMNN[2], SDML[3], ITML[4], NCA[5], LFDA[6], LSML[7], MMC[8], RCA[9], and MKLR[10])
on pre-extracted deep learning features from the AWA2 dataset. This report is organized as follows:
Section 2 includes a comprehensive description of distance metrics and distance metric learning
algorithms we explored. In Section 3, we presented experimental results and our analysis of different
methods. Section 4 is a summary of this project.

2 Distance Metrics

2.1 Simple Distance and Mahalanobis Distance

Simple Distance denotes data-independent distance functions, e.g. Minkowski Distance and Cosine
Distance:

dMinkowski(x,y) =

(∑
i

|xi − yi|p
) 1

p

dcos(x,y) = 1− xTy

‖x‖‖y‖

these functions only involves several hyper-parameters, therefore they do not require fitting training
data. On the other hand, Mahalanobis Distance is learning a linear embedding L, then it measures L2

CS245: Principles of Data Science, 2020 Spring, SJTU, Instructor: Li Niu



distance between embedded data:

D (x,y) =

√
(Lx− Ly)

>
(Lx− Ly)

=

√
(x− y)

>
L>L (x− y)

=

√
(x− y)

>
M (x− y)

where M = L>L is a positive semi-definite (PSD) matrix, called Mahalanobis matrix. The goal of
metric learning is to learn a task-specific M. Specifically, there are 2 problem settings:

1. Supervised Learning: The algorithm has access to labelled data. The goal is to put points
within same class close together while pushing away points in different classes.

2. Weakly-supervised Learning: The algorithm only has access to tuples of data, without
directly knowing labels. For example, given tuples of positive (similar) and negative
(dissimilar) pairs, the goal is to put positive pairs close together and negative pairs far away.

Notice that metric learning relates to many applications:

1. K-Nearest Neighbors (KNN): Since Neighbors is defined by distance, accuracy of KNN
depends on distance measurement. Therefore metric learning may improve accuracy of
KNN.

2. Clustering: metric learning provides a way to bias the clusters towards the intended seman-
tics.

3. Dimensionality Reduction: metric learning may be seen as a way to reduce the data dimen-
sion in a (weakly) supervised setting. Notice that the goal of Supervised metric learning is
similar with goal of LDA, which is a classic Dimensionality Reduction algorithm.

2.2 Large Margin Nearest Neighbor Metric Learning (LMNN)

LMNN [2] is a supervised model, which is based on two simple intuitions (and idealizations) for
robust kNN classification: first, that each training input xishould share the same label yi as its k
nearest neighbors; second, that training inputs with different labels should be widely separated.
Therefore in loss function of LMNN, one term penalizes large distances between nearby inputs with
the same label, while the other term penalizes small distances between inputs with different labels.
Notice that to define notions of "nearby", this framework requires auxiliary information beyond the
label y, i.e. target neighbors, a priori of nearest neighbors.

Based on intuition and terminology above, we can define loss functions of LMNN:

εpull(L) =
∑
i�j
‖L (~xi − ~xj)‖2

εpush (L) =
∑
i,j�i

∑
l

(1− yil)
[
1 + ‖L (~xi − ~xj)‖2 − ‖L (~xi − ~xl)‖2

]
+

ε(L) = (1− µ)εpull(L) + µεpush(L)

where j ∼ i denotes j is target neighbors of i, yil is indicator denoting whether xi and xl in same
class, [z]+ = max(z, 0) is hinge loss.

2.3 Sparse High-Dimensional Metric Learning (SDML)

SDML [3] is a weekly-supervised model, which learns sparse metric via an l1-penalized log-
determinant regularization. The sparsity prior of learning distance metric can be justified from
three aspects:

1. in high dimensional input spaces, the off-diagonal elements of concentration matrix (i.e.
the inverse of the covariance matrix)are often remarkably small. This observation reflects
the sparse correlations be- tween different dimensions and supports a sparse Mahalanobis
metric.
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2. Compact model is preferred in distance metric learning, since it can help to prevent over-
fitting.

3. a sparse Mahalanobis distance can be computed very efficiently which is of significant
importance to many realistic applications

Therefor, they propose 2 types of constraints, the first type is off-diagonal l1 norm:

‖M‖1,off =
∑
i 6=j

|Mij |

and the second type of constraint is log-determinant divergence:

g(M) = − log det(M)

Dg (M‖M0) = g(M)− g (M0)− 〈∇g (M0) ,M −M0〉
= tr

(
M�1

0 M
)
− log detM

where M0 is given prior, and constant term regarding M0 is ignored in last expression. Using S to
denote similar samples, and D to denote dissimilar samples, the loss function is defined as following:

Kij =

{
1, if (xi, xj) ∈ S
−1, if (xi, xj) ∈ D

L(S,D) =
1

2

n∑
i,j=1

∥∥ATxi −ATxj
∥∥2

2
Kij

=

n∑
i,j=1

(
xTi Mxi − xTi Mxj

)
Kij

= tr
(
XTMXD

)
− tr

(
XTMXK

)
= tr

(
X(D −K)XTM

)
= tr

(
XLXTM

)
which gives optimization objective of SDML:

min
M

tr
(
M�1

0 M
)
− log detM + λ‖M‖1,off + ηL(S,D)

= tr
((
M�1

0 + ηXLXT
)
·M
)
− log detM + λ‖M‖1,off

s.t. M � 0

2.4 Information Theoretic Metric Learning (ITML)

ITML [4] formulates metric learning as minimizing the differential relative entropy between two
multivariate Gaussians under constraints on the distance function, or equivalently minimizing the
LogDet divergence subject to linear constraints.

Specifically, they assume data distribution is multivariate Gaussians, and their objective is to minimize
KL divergence between learned matrix and prior matrix:

min
A

KL (p (x;A0) ‖p(x;A))

subject to dA (xi,xj) ≤ u (i, j) ∈ S
dA (xi,xj) ≥ ` (i, j) ∈ D

They observe that the equation above be expressed as LogDet Bregman divergence, which generated
by convex function φ(X) = − log detX as below:

D`d (A,A0) = tr
(
AA�1

0

)
− log det

(
AA�1

0

)
− n

KL (p (x;A0) ‖p(x;A)) =
1

2
D`d

(
A�1

0 , A�1
)

=
1

2
D`d (A,A0)
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Therefore, the objective function is:

min
A � 0

D ` d (A; A 0) = tr
�
AA � 1

0

�
� log det

�
AA � 1

0

�
� n

s.t. tr
�

A (x i � x j ) (x i � x j )T
�

� u (i; j ) 2 S

tr
�

A (x i � x j ) (x i � x j )T
�

� ` (i; j ) 2 D

It can also be extended by adding slack constraints and kernel function. Notice that ITML is very
similar with SDML, with only difference in regularization terms.

2.5 Neighborhood Component Analysis (NCA)

Neighbourhood components analysis (NCA)[5] is a supervisedlearning method for classifying
multivariate data into distinct classes according to a given distance metric over the data. NCA aims
to learn a distance metric by �nding alinear transformation of input data such that the average
leave-one-out (LOO) classi�cation performance is maximized in the transformed space.

To formally address the problem, let the matrix to learn beA so that the transformed form ofx will
beAx. We need to de�ne a differentiable functionf (A) indicating the classi�cation performance,
and optimize on this function.I.e.

A? = arg max
A

f (A) (1)

However, the problem of LOO classi�cation accuracy is that the function is not differentiable. In this
setting, when elements inA changes smoothly, the set of neighbors for a pointi will undergo discrete
changes. After all, this is a discrete variable.

The solution is also easy, we can see the neighbors in a “differentiable” way. Rather than considering
thek-nearest neighbors at each transformed point in LOO-classi�cation, we'll consider the entire
transformed data set as stochastic nearest neighbors. De�ne these using a softmax function of the
squared Euclidean distance between a given LOO-classi�cation point and each other point in the
transformed space.

pij =

(
exp( �k A x i � A x j k2 )P

k 6= i exp( �k A x i � A x k k2 ) if j 6= i
0 if j = i

(2)

We do not consider two same points. The meaning ofpij is the probability ofj 2 Ci . Then the
probability of correctly classifying data pointi is

pi =
X

j 2 C i

pij (3)

De�ne x ij = x i � x j . Then the objective function and its gradient will be

f (A) =
X

i

pi =
X

i

X

j 2 C i

pij

@f(A)
@A

= � 2A
X

i

X

j 2 C i

pij

 

x ij x>
ij �

X

k

pik x ik x>
ik

!

= 2A
X

i

0

@pi

X

k

pik x ik x>
ik �

X

j 2 C i

pij x ij x>
ij

1

A

(4)

2.6 Local Fisher Discriminant Analysis (LFDA)

Local Fisher Discriminant Analysis (LFDA)[6] is one of the best-performing supervised dimension-
ality reducing metric learning method among the others. It is alinear superviseddimensionality
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reduction method. It is particularly useful when dealing with multi-modality, where one ore more
classes consist of separate clusters in input space.

LFDA is inspired by both Fisher Discriminant Analysis (FDA) and Local Preserving Projection
(LPP). We �rst introduce these two methods and their properties, and then introduce the principles of
LFDA. The detailed derivation of FDA and LPP are omitted here. Only basic ideas and formulas are
presented.

� Fisher discriminant analysis (FDA) is a popular choice to reduce the dimensionality of
the original data set. It maximizes between-class scatter and minimizes within-class scatter.
But it lacks some considerations for multi-modality. Multi-modality refers to the case where
one certain class of data points has two or more clusters.

Given the datasetf x i ; yi gn
i =1 , wherex i 2 Rd andyi 2 f 1; 2; : : : ; lg. Let S(w ) andS(b) be

the within-class scatter matrix and the between-class scatter matrix de�ned by the following:

S(w ) =
lX

i =1

X

j :y j = i

(xj � � i )(xj � � i )> (5)

S(b) =
lX

i =1

ni (� i � � )( � i � � )> (6)

where� is the mean of all data points,� i is the mean of thei th class data points, andni is
the number of data points belonging to thei th class. FDA aims to �nd the transformation
matrix that satis�es

TF DA = arg max
T 2 Rd � m

tr
h
(T> S(w ) T) � 1(T> S(b) T)

i
(7)

� Local Preserving Projection (LPP)aims at preserving the local structure of the data. It
keeps nearby data pairs in the original data space close in the embedding space so that
multimodal data can be embedded and its local structure will not be lost.
Given the datasetf x i ; yi gn

i =1 , wherex i 2 Rd. Let A 2 Rn � n be the af�nity matrix where
its A ij element is the af�nity between two pointsx i andx j . We de�neA as follows.

A ij =
�

1 if x i is ak-NN of x j
0 otherwise (8)

LPP aims to �nd the transformation matrix that satis�es

TLP P = arg min
T 2 Rd � m

1
2

nX

i =1

nX

j =1

kT> x i � T> x j k2 (9)

To avoid the trivial solutionA = O, T should satisfyT> XDX > T = I whereD is a
diagonal matrix that satisfyD ii =

P n
j =1 A ij = k.

Thus Local Fisher Discriminant Analysis (LFDA) is supervised because the “FDA part” is a
supervised algorithm. LFDA combines the concepts for both FDA and LPP to de�ne our local Fisher
discriminant analysis. The local within- and between-class scatter matrix is de�ned as

S(w ) =
1
2

nX

i =1

nX

j =1

W (w )
ij (xi � xj )(xi � xj )> (10)

S(b) =
1
2

nX

i =1

nX

j =1

W (b)
ij (xi � xj )(xi � xj )> (11)
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whereW (w )
ij =

� A ij

n l
; yi = yj = l

0; otherwise
andW (b)

ij =

(
A ij

�
1
n � 1

n l

�
; yi = yj = l

1
n ; otherwise

. Intuitively,

we use the above equations to weight the values for each pair of samples that belong to the same
class. Namely, for sample pairs that are far apart from each other in the same class, we give less
weight/in�uence on the two local scatter matrices. The LFDA transformation matrixT is then de�ned
as the following:

TLF DA = arg max
T 2 Rd � m

tr
h
(T> S(w ) T) � 1(T> S(b) T)

i
(12)

There is a demo to show the behavior of FDA, LPP and LFDA in Figure 1. For the simplest data set
depicted in (a), both FDA and LPP nicely separate the samples in different classes ('� ' and '� ') from
each other. For the data set depicted in (b), FDA still works well, but LPP mixes samples in different
classes into a single cluster. This is caused by the unsupervised nature of LPP. On the other hand, for
the data set depicted in (c), LPP works well but FDA collapses the samples in different classes into a
single cluster. The reason for the failure of FDA is that the 'levels' of the between-class scatter and
the within-class scatter are not evaluated in an intuitively natural way because of the two separate
clusters in '� '-class. Since LFDA combined the merits of both algorithms, it performs well in all the
three cases.

Figure 1: Visualization of the behavior of FDA, LPP and LFDA.

2.7 Least Squares Metric Learning (LSML)

Least Squares Metric Learning (LSML)[7] proposes a simple, yet effective, algorithm that directly
learns the Mahalanobis matrix. It is aweakly-supervisedalgorithm that requires information of
labels but does not use the full information obtained from labels.

It is an algorithm based on learning on quadruplets. The semantics of a quadruplet< a; b; c; d > is
that the �rst two elements are closer to each other compared with the latter two,i.e. d(a; b) < d (c; d).
In distance metric learning, we can randomly sample 4 data points from the given dataf x i ; yi gn

i =1 ,
two belonging to the same class and the other two not. Formally, we can de�ne the constraint set as
follows.

C = f (xa ; xb; x c; xd) : d(xa ; xb) < d (x c; xd)g (13)

For each quadruplet, we can de�ne the loss function asH (dM (xa ; xb) � dM (x c; xd)) whereM is
the Mahalanobis matrix to learn. AndH (�) is de�ned as a quadratic hinge loss function:H (x) =
max(x; 0)2. The total loss is de�ned as

min
M

2

4D ld (M; M 0) +
X

(x a ;x b ;x c ;x d )2C

H (dM (xa ; xb) � dM (x c; xd))

3

5 (14)

The �rst term is the regularization term whereM 0 is a prior metric matrix set as identity by default.
D ld (�; �) is the Logdet divergence:D ld (M; M 0) = tr( MM 0) � logdet(M ).
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2.8 MMC

MMC, proposed by Xing et al. [8], is one of the earliest attempt to devise a learning algorithm under
the scenario of weakly-supervised metric learning and its paper is still widely cited to this day. MMC
has a simple mathematical formulation: it minimizes the sum of squared distances between similar
points, while enforcing the sum of distances between dissimilar ones to be greater than one. The
optimization problem is

minimize
X

(x i ;x j )2 S

jj x i � x j jj2
A

subject to
X

(x i ;x j )2 D

jj x i � x j jjA � 1

A � 0

This leads to a convex and, thus, local-minima-free optimization problem that can be solved ef�ciently.
However, the algorithm involves the computation of eigenvalues, which is the main speed-bottleneck.
Since it has initially been designed for clustering applications, one of the implicit assumptions of
MMC is that all classes form a compact set, i.e., follow a unimodal distribution, which restricts the
possible use-cases of this method.

2.9 Relevant Component Analysis (RCA)

Shental et al. pioneeredadjustment learning, a form of weakly-supervised learning, where training
data are grouped into “chunklets”. Samples within a chunklet belong to the same class. Adjust-
ment learning has its applications in scenarios like retrieval of video clips or tracking an object in
surveillance video feed, where consecutive frames are associated with the same object.

Under supervised training, we can �nd the desired rescaling transformationW that transform data
into a whitened space, where nearest neighbor retrieval based on the Euclidean distance is equivalent
to maximum likelihood estimation. Letx 2 
 denote the sampled data, andj
 j denote the size of the
sample. Similarly, letj
 m j denote the size of the sample from classm where

S

 m = 
 . Let the

random variableCm denote the distribution of themth class, andM denote the number of classes.
For simplicity we also assume thatCm is distributed normally, i.e.Cm � N (� m ; � m ), where� m
denotes the mean of the class and� m denotes its covariance matrix. LetSW denote the within-class
scatter of the data set, de�ned by

SW =
1

j
 j

MX

m =1

j
 m j �̂ m

where
�̂ m =

1
j
 m j

X

x 2 Cm

(x � � m )(x � � m )T

Assume �rst that the covariance matrix of all the classes is identical, i.e.� m = � ; 8m, and therefore
SW = � for large enough sample. In this case the optimal rescaling transformation is the whitening
transformationW de�ned as

W = V � � 1
2

whereV is the orthogonal matrix of eigenvectors ofSW , and� is its corresponding matrix of singular
values.V and� may be obtained from the singular value decomposition ofSW = V � V T .

Environmental conditions are considered in the random noiseG, with the following assumptions:

� G is additive with 0 mean and non-isotropic covariance.

� G is independent ofCm , and has an identical effect on all classes.

� The variability inG is relatively large compared toCm , i.e j� G j > � m j.

More speci�cally, assume thatG is distributed normally asG � N (0; � G ) where� G 6= I . For class
m, the distribution of the observed measurements is:

X Observable= Cm + G
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The distribution of themth class is therefore normal, with mean� m and covariance� m + � G . Under
the assumption thatj� G j > � m j, the class distributions are dominated byj� G j. This effectively
brings us back to the previous case where� m � � G , and therefore

SW � �̂ G

Let Hn denote the sample of thenth chunklet whereHn = 
 . We assume that the number of
chunkletsN is much larger than the number of classesM . We further assume that8n; H n � Cm
for some unknown labelm. Let �̂ n denote the mean of chunkletHn . We de�ne the chunklet scatter
matrix Sch as:

Sch =
1

j
 j

NX

n =1

jHn jCov(Hn ) =
1

j
 n j

NX

n =1

jH n jX

j =1

(x j
n � �̂ n )(x j

n � �̂ n )T

Under the ideal conditions where each chunklet is chosen randomly from the appropriate class and is
large enough, it can be shown thatCov(Hn ) approaches� m n + � G , wheremn is the class label of
chunkletHn . In this caseSch = SW . In reality, however, data points in the same chunklet tend to
have stochastic dependency, and therefore cannot be assumed to be independently sampled from the
data with distribution identical to the corresponding class distribution.

RCA learns a full rank Mahalanobis distance metric based on a weighted sum of in-chunklets
covariance matrices. It applies a global linear transformation to assign large weights to relevant
dimensions and low weights to irrelevant dimensions. Those relevant dimensions are estimated using
“chunklets”, subsets of points that are known to belong to the same class.

For a training set withn training points ink chunklets, the algorithm is ef�cient since it simply
amounts to computing

C =
1
n

kX

j =1

n jX

i =1

(x ji � m̂ j )(x ji � m̂ j )T

where chunkletj consists off x ji gn j
i =1 with a meanm̂j . The inverseC � 1 is used as the Mahalanobis

matrix.

2.10 Metric Learning for Kernel Regression (MLKR)

Kilian and Gerald [10] proposes using results of kernel regression as objective of metric learning.
As the name implies, kernel regression makes prediction of a training sample based on a weighted
average of its surrounding training samples. It is a kernel method because the weights are computed
by applying kernel functions to distances. The metric is learned by minimizing the leave-one-out
regression error. More precisely, the estimatedyi for thei th training sample is

ŷi =

P
j 6= i kij yj

P
j 6= i kij

wherekij are weights estimated by

kij =
1

p
2��

exp(�
d(x i ; x j )

� 2 )

d(x i ; x j ) is the Mahalanobis distance to learn. The optimization target is the loss function

L =
X

i

(yi � ŷi )2

whereyi � ŷi is the leave-one-out regression error for thei th training sample. The loss then can be
optimized using standard techniques like gradient descent.

Figure 2 illustrates kernel regression under varying distance metrics. It can be observed that the
learned metric adapts to the direction of the target function.

A naive computation of the gradient requires to compute the outer product between all pair of vectors.
This would result in a complexity of orderO(D 2n2). Kilian and Gerald suggests that the gradient
can be approximated by making use of the fast decay ofkij . Only thec = 1000 nearest neighbors of
each vectorx i are considered. Also, weights of very small values (kij < e � 34) are disregarded.
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Figure 2: An illustration of kernel regression under varying distance metrics. The color of the points
represents the function value. The circle shows the radius that encapsulates 95% of the weights. The
function value is estimated at a test point at the center.Left: With the use of the Euclidean Distance
metric, the kernel is spherical and ignores the present structure that points along the diagonal share
similar function values.Right: After training, under the Mahalanobis metric, the kernel function
follows the direction of the target function. The radius has also shrunk and has therefore adapted to
the relatively densely sampled and noiseless training samples.

3 Experiment

3.1 Dataset

Download Animals with Attributes (AwA2) dataset1. This dataset consists of 37322 images of 50
animal classes with 2048-dimensional pre-extracted deep learning features for each image. We
randomly split the images in each category into 60% for training and 40% for testing, using strati�ed
sampling. We also use 5-fold cross-validation within the training set to select optimal parameters.

3.2 Implementation

We usemetric-learn[11] package2 to implements all metric learning algorithms. The basic training
framework issklearn.

3.3 Pre-processing

In order to reduce time complexity, we preprocess input data using LDA, and reduce feature dimension
to 49. In experiments of simple distance, we �nd that such pre-process can slightly improve
classi�cation performance. Also, the dimension reduction gives 40x running time reduction in our
experiments of simple distance KNN.

3.4 Simple Distance

The experiment result is as Table 1 and Figure 3. From the result we �nd that LDA preprocess can
indeed improve performance by approximately5%, since LDA projects data with same class closer,
which is consistent with motivation of KNN. Among 4 simple functions, the Cosine function performs
best when n neighbor is small, and L2 function performs best when when n neighbor is large. Such
result is similar as in our previous experiment on PCA, where Cosine kernel outperforms all other
kernels when n components is small, but Polynomial kernel performs best when n components is
large. Such results suggests that our input data may locally distributed in a circular way, where cosine
function can best evaluate data relationship.

1https://cvml.ist.ac.at/AwA2/
2https://github.com/scikit-learn-contrib/metric-learn
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Table 1: Accuracy of KNN with different N neighbors and distance functions.

K Cheb L1 L2 Cos L2_NoLDA

5 91.47% 92.13% 92.38% 92.63% 87.36%
7 91.77% 92.20% 92.38% 92.78% 87.23%
9 91.85% 92.35% 92.58% 92.71% 87.13%
11 91.96% 92.35% 92.62% 92.77% 87.00%
13 91.99% 92.40% 92.64% 92.78% 86.90%
15 92.03% 92.28% 92.70% 92.70% 86.63%
17 92.03% 92.34% 92.73% 92.67% 86.46%
19 92.02% 92.38% 92.75% 92.65% 86.26%
21 91.99% 92.33% 92.75% 92.64% 85.98%
23 91.99% 92.31% 92.70% 92.62% 85.67%

Figure 3: Accuracy of KNN with different N neighbors and distance functions.

3.5 LMNN

In LMNN, we set initial matrixinit = identity , n_components= 49 and set other parameters as
default. We inspect the accuracy change with regard tok, number of neighbors to consider, and result
is as in Table 2 and Figure 5. The table and �gure illustrate that LMNN is slightly worse than simple
function baseline by0:1%, we suggest 2 reasons:

1. Effect of initial distance. LMNN needs to �rst determine target neighbors before learn-
ing, and these target neighbors are calculated based on given initial distance. A possible
improvements will be using EM algorithm to avoid negative effect of bad initialization.

2. Effect of LDA. Since we pre-process data using LDA, which is also a general type of metric
learning. It is possible that LDA itself is enough for metric learning task, and LMNN can
not �nd a better transformation to apply.

To support our second assumption, we use t-SNE to visualize transformed data and original data in
Figure 4. We can intuitively judge that after LDA, the data points are separated well enough. At least,
LDA pre-process is enough for KNN accuracy.

3.6 ITML and SDML

Both ITML and SDML is weakly-supervised algorithm, therefore we sampleNum _constraints
positive pairs andNum _constraints negative pairs from our supervised dataset. Since
sklearn graphical lasso algorithm may not converge in SDML, we setbalance_param =
1e� 5; sparsity _param = 1e� 5 in SDML. All other hyper-parameters are default. The accuracy
with regard toNum _constraints is as in Table 3 and Figure 7. We have following observations:
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(a) LDA (b) LDA+LMNN

(c) LDA+ITML (d) LDA+SDML

Figure 4: 2-D visualization of data using t-SNE.

Table 2: Accuracy of LMNN with regard to different K.

K LMNN

5 92.28%
7 92.22%
9 92.12%
11 92.20%
13 92.18%

1. SDML outperforms ITML in all sets of number constraints, which suggests sparse constraints
can indeed improve performance.

2. Also, both SDML and ITML reaches peak atNum _constraints = 3000, after which in-
creasingNum _constraints leads to worse performance. This might be result of conversion
from supervised data to weakly supervised data. Such conversion may losing information,
or equivalently, adding noise. Therefore increasingNum _constraints may increase noisy
data, and lead to worse performance.

3. The best performance of SDML is almost same with best performanceL 2 distance. The
reason may be also LDA preprocess, as in Figure 4.

4. In our experiments, the running time of ITML is around 100x of SDML. This result is
consistent with theoretical analysis, since sparsity can enhance speed.

To visualize the difference of ITML and SDML, we visualize the learned matrix in Figure 6, which
illustrates the sparsity of SDML.

3.7 NCA

In NCA, we set the parametern_componentby default. The transformed data pointAxi is a 2048-
dimensional feature vector same as the dimension ofxi . We trained the NCA model on training data
and tested the performance on testing data. For fair comparison, we did not do any pre-processing.
The baseline is set as the result of directk-NN without LDA pre-processing. The results are shown in
Table 4. As we can see, there is a 3.7% boost with respect to the classi�cation accuracy compared
with the baseline. There are two main reasons for this improvement:
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Figure 5: Accuracy of LMNN with regard to different K.

(a) ITML (b) SDML

Figure 6: Visualization of learned matrix from ITML and SDML. The visualized matrix is
log(abs(M )) , whereM denotes Mahalanobis matrix. Intuitively SDML is more sparse then ITML,
since the off-diagonal value of ITML have more non-zero value.

1. NCA is a supervised algorithm. When training the model, it only force data points in the
same class to be closer, instead of preserving local information.

2. The distribution of the training data is similar to that of the testing data. Therefore, the
model learned on training data can be generalized to testing data.

From the formulation, we can �nd NCA has very similar core idea to t-SNE[12]. Actually, both of
the two algorithms are proposed by Hinton, in 2005 and 2008 respectively. In NCA and t-SNE, the
relationship between data pairs are formulated as probability distribution. They both force data points
in the same class to be closer.

Actually, the objective function in Equation 4 is equivalent to minimizing the KL divergence between
the real class distribution and the predicted class distribution. To expatiate, the real class distribution
q i of the data pointi is a one hot vector, in which theyi -th entry ofq i is 1 and others are 0. The
predicted class distributionp i of data pointi is de�ned as(p i ) j =

P
j pij , which denotes the

probability ofi classi�ed as thej -th class. Thenpi = ( p i )y i Therefore, we have

max
A

X

i

pi , max
A

X

i

logpi =
X

i

KL (q i kp i ) (15)

By visualizing the transformed data, we can also �nd the similarity. Figure 8 shows the visualization
result. We can �nd NCA also “cluster”s data points in the same class, though not as good as the
performance of t-SNE. From this, we can �nd the similarity of the two algorithms.
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Table 3: Accuracy of ITML and SDML with regard to differentNum _constraints .

Num_constraints ITML SDML

1000 91.79% 92.34%
3000 91.99% 92.37%
5000 91.53% 92.31%
7000 91.52% 92.34%
9000 91.64% 92.31%
11000 91.39% 92.35%
13000 91.31% 92.29%
15000 91.37% 92.24%
17000 91.35% 92.22%
19000 91.67% 92.20%

Figure 7: Accuracy of ITML and SDML with regard to differentNum _constraints .

3.8 LFDA

In LFDA, we trained the LFDA model on training data and tested the performance on testing
data. For fair comparison, we did not do any pre-processing. The baseline is set as the re-
sult of directk-NN without LDA pre-processing. The results are shown in Table 5. As is sug-
gested in the of�cial document of themetric_learnlibrary, LFDA is also a dimensionality reduc-
tion method. Therefore, we tried different con�gurations of the parametern_componentfrom
f 2; 4; 8; 16; 32; 64; 128; 256; 512; 1024; 2048g. Also note that the training speed of LFDA is also
fast.

The results are shown in Table 5. As we can see, higher dimensionality does not necessarily lead to
higher accuracy. This is probably because of the dif�culty in training and the over-sized parameter
space, leading to a sub-optimal solution. The highest accuracy occurs when the reduced dimension is
64, with a 5% boost compared with the baseline.

We visualized the transformed data using t-SNE in Figure 9. As we can see, the quality of the 64-dim
transformed data is higher than that of 2048-dim. Though it seems that the clusters in Figure 9(b)
distributes apart, in the center they overlap to each other. This is consistent with the result in Table 5.

Table 4: Accuracy of NCA with respect to differentK

Method
K

5 7 9 11 13 15 17 19 21 23

NCA 90.98% 90.92% 90.98% 90.94% 90.85% 90.70% 90.61% 90.59% 90.45% 90.31%
Baseline 87.36% 87.23% 87.13% 87.00% 86.90% 86.63% 86.46% 86.26% 85.98% 85.67%
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(a) 2-dim NCA (b) 2-dim t-SNE

Figure 8: Comparison of the transformed data of t-SNE and NCA.

Table 5: Accuracy of LFDA with respect to differentK and reduced dimensionm

Method
K

5 7 9 11 13 15 17 19 21 23

LFDA (m=2) 28.22% 28.81% 29.77% 30.46% 30.85% 31.07% 31.42% 31.41% 31.60% 31.83%
LFDA (m=4) 50.11% 51.20% 51.68% 52.13% 52.46% 52.72% 53.04% 53.15% 53.41% 53.25%
LFDA (m=8) 64.08% 64.89% 65.76% 65.61% 66.15% 66.00% 66.23% 66.38% 66.37% 66.41%
LFDA (m=16) 78.93% 79.60% 79.89% 80.00% 79.95% 80.13% 80.27% 80.06% 80.06% 80.13%
LFDA (m=32) 88.43% 88.61% 88.87% 88.97% 88.99% 88.93% 89.10% 89.06% 89.10% 88.93%
LFDA (m=64) 91.82% 92.12% 92.08% 92.04% 92.00% 92.14% 92.18% 92.14% 92.14% 92.12%
LFDA (m=128) 91.94% 91.94% 91.96% 92.02% 92.04% 92.02% 91.96% 91.94% 91.92% 91.98%
LFDA (m=256) 91.43% 91.47% 91.58% 91.62% 91.63% 91.50% 91.53% 91.48% 91.48% 91.43%
LFDA (m=512) 90.60% 90.72% 90.76% 90.90% 90.84% 90.75% 90.73% 90.67% 90.58% 90.62%
LFDA (m=1024) 88.71% 88.71% 88.73% 88.60% 88.76% 88.63% 88.53% 88.49% 88.34% 88.15%
LFDA (m=2048) 86.01% 86.25% 86.24% 86.14% 86.02% 85.99% 85.83% 85.75% 85.48% 85.48%

Baseline 87.36% 87.23% 87.13% 87.00% 86.90% 86.63% 86.46% 86.26% 85.98% 85.67%

The behavior of LFDA is similar to that of LDA, as is shown in Figure 10. This indicates a strong
relationship between LDA and LFDA.

(a) 64-dim LFDA (b) 2048-dim LFDA

Figure 9: Comparison of the transformed data of
different dimensions via t-SNE.

(a) 2-dim LFDA (b) 2-dim LDA

Figure 10: Comparison of the transformed data
of LDA and LFDA (w/o t-SNE)

3.9 LSML

In LSML, we set the parametern_constraintby default. We have checked the source code of LSML3,
and found this parameter is set to20� jYj 2. For fair comparison, we did not do any pre-processing.
The baseline is set as the result of directk-NN without LDA pre-processing. The results are shown in
Table 4. As we can see, there is a 2.3% boost with respect to the classi�cation accuracy compared
with the baseline.

This improvement is not large. We think there are two main reasons:

3https://github.com/scikit-learn-contrib/metric-learn/blob/master/metric_learn/
lsml.py
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Table 6: Accuracy of LSML with respect to differentK

Method
K

5 7 9 11 13 15 17 19 21 23

LSML 89.31% 89.51% 89.36% 89.22% 88.95% 88.73% 88.71% 88.54% 88.29% 88.19%
Baseline 87.36% 87.23% 87.13% 87.00% 86.90% 86.63% 86.46% 86.26% 85.98% 85.67%

1. LSML is a weakly supervised algorithm, which does not take full information of the label
domain. For example, if the data appears to have a “Swiss roll” distribution, the use of
Euclidean distance for relative comparison will be wrong.

2. Maybe the constraint set generated is not big enough.I.e. the number of samples in
inadequate, leading to a sub-optimal solution.

3.10 MMC

We use the supervised versionMMC_Supervisedfrom themetric-learning project to utilize labels
from the AwA2 dataset. As a supervised version of an unsupervised algorithm, itsn_constraint is
also set to20jYj as in the case of LSML. The accuracy with respect to differentK , the number of
nearest neighbors considered in KNN, is shown in Table 7.

Figure 11: Visualization of all classes with t-SNE. The left side is test data, with their dimensionality
reduced to 49 by LDA, and the right side is test data, after dimensionality reduction, projected into
the space of MMC's Mahalanobis matrix.

By comparision, MMC have signi�cantly low accuracy on test set compared to all other methods. We
hypothesizes that, as mentioned in Section 2.8, the performance of MMC suffers from its assumption
of unimodal distribution for all classes. To verify our hypothesis, we extract the Mahalanobis matrix
and project test data into this space. Projected test data are visualized with t-SNE. For comparison,
unprojected data are also visualized with t-SNE. To illustrate the effects of MMC on each cluster,
each cluster is plotted separately on different �gures. The plots for clusters with labels from 1 to 4 are
shown in Figure 14. It can be observed that, in order to minimize within cluster similarity to adjust
for a few outliers, the MMC algorithm makes a trade off between cluster “tightness” and overall
closeness. This is detrimental for prediction, as it can be seen from Figure 11, where clusters are
much more scattered after MMC, leading to an increase of classi�cation error.

Table 7: Accuracy of RCA, MLKR and MMC with respect to differentK

K 1 3 5 7 9 11 13 15 17 19 21

MLKR 89.74% 90.25% 90.56% 90.65% 90.67% 90.69% 90.67% 90.63% 90.6% 90.57% 90.57%
RCA 90.1% 91.3% 91.75% 91.78% 91.79% 91.83% 92.0% 91.94% 91.84% 91.85% 91.83%
MMC 53.85% 56.41% 58.28% 59.45% 59.69% 59.92% 60.1% 60.31% 60.41% 60.31% 60.59%
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